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import numpy as np

np.array([[-1.5, 3
np.array([[-1,-1],
C =A @B
print(C)
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.5 -4.5]
1. 1]
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import numpy as np

np.array([[-1.5, 3, 2], [1, -1,0]])
np.array([[-1,-1], [0,-2], [1,0]])
= np.matmul(A,B)
print(C)

[[ 3.5 -4.5]
[-1. 1. 1]
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import numpy as np

A = np.random.normal(size = (10,3))
G=AT@A
print(G)

[ 8.59057042 -5.23412698 -3.61848843]
[-5.23412698 12.74857586 ©0.9695091 ]
[-3.61848843 0.9695091 5.04846329] ]
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import numpy as np
import time
2000
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2000
np.random.normal(size =
np.random.normal(size
np.random.normal(size
start = time.time()
LHS = (A@B) @ C
end = time.time()
print(end - start)

import numpy as np
import time
2000
50
2000
2000
np.random.normal(size
np.random.normal(size
np.random.normal(size =
start = time.time()
LHS =A@ ( B@ C)
end = time.time()
print(end - start)
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1 import numpy as np
2 A = np.array([[e,1,0,0,1], [1,0,1,0,0], [0,0,1,1,1], [1,0,0,0,0],
3 np.linalg.matrix_power(A,2)

array([[1, e, 1, 1, @],
[a.'l 1.1 2].‘!

[lJ 1.1 1]J

[a.'l 9." 1].‘!
0, 8, e]])

[1,

0,0,0,1,0]])
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Q, R = np.linalg.qr(A)

def QR_factorization(A):

Q_transpose = np.array(gram_schmidt (A.T))

R = Q_transpose @ A
Q = Q_transpose.T
return Q, R

Q, R = QR_factorization(A)
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back substitution

MWRIT P0OHR DY DOHRM DN D°IY NHYA FIPHY DwWIWH a¥wn R oan ©

. IR 779X INIR 21WAR WHER Rx=b MIRNIWA N2IYN2 9oN01 ©
Riyixi +Ripxa+ -+ Ry p_1Xy-1 + Rinxy, = by
Ry 1 n-1Xp-1 + RucynXn = by
Ruyxn = by
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back substitution

Ryxi +Ripxa + -+ Ry p_1Xp-1 + Ripx, = by
Rn—l,n—lxn—l + Rn—l,nxn = bn—l
Ry.x, = b,

Xn = bn/er NXA] ®
Xn-1 = (bn-1 = Ru-1,0%n) [Rn-1,-1 93231 077 7910 ARNWAND ©
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back substitution

TR 72X5 NTYA Rx=b MIXNWA NOIYA N1 NRY 72X 7°000 °

x=R1p NXWI]ONDT °

gk Elimblol

[ aponl Tux e
NIZIws 3 0 quN .
Moo 2i-1 :1 798 ©

1+3+---+2n-1) =n? sllsmae

T ——— . P — . e P . . E———



N'770 NINNYN NN [INNS
nD'on A

= A”1p 10PN x RI1¥AY M99 ,Ax=b MNo% 011 1R 7O Ann ©

. r=A""b=R"'Q"b Al =R =R"'Q0" QRPD NIV ¢ -

SOLVING LINEAR EQUATIONS VIA QR FACTORIZATION
given an n X n invertible matrix A and an n-vector b.
1. QR factorization. Compute the QR factorization A = QR.
- '7\
2. Compute Q* b. 1 h
3. Back substitution. Solve the triangular equation Rx = Q"b using back substi- nl
tution. O/ 1))
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. B = A~' IR°¥nY anPIoR IR0 -
—g\\(\n) 1. QR factorization. Compute the QR factorization A = QR.
(\"\) 2. Fori=1,...,n,

Solve the tﬁangular equation Rb; = g; using back substitution.
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RIS = QT




YTN? N'MINI'? NMIAN
DIININ

°9°37n 8.8







YTN? N'MINI'? NMIAN
DIININ

11N 8.9




INNY DN

import numpy as np
= np.array([[-3,-4], [4,6], [1,1]])
= np.array([[-11,-10,16], [7,8,-11]])/9 #left inverse of A
= np.array([[0,-1,6], [0,1,-4]])/2 #Another left inverse of A
#Let's check
print(B @ A)
print(C @ A)

1
2
3
4
5
6
7
8

[[ 1.0000000e+00 ©.0000000e+00 ]
[-4.4408921e-16 1.0000000e+00]]

[[1. ©.]
[0. 1.]]
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import numpy as np

A = np.array([[1,-2,3], [0,2,2], [-4,-4, -4]])
B = np.linalg.inv(A)

B

array([[-2.77555756e-17, -5.00000000e-01, -2.50000000e-01],
[-2.00000000e-01, 2.00000000e-01, -5.00000000e-02],
[ 2.00000000e-01, 3.00000000e-01, 5.00000000e-02]])
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import numpy as np
A = np.array([[1,-2,3], [0,2,2], [-4,-4, -4]])
np.linalg.inv(A)

print(B @ A)
print(A @ B)

[1.00000000e+00 ©.00000000e+00 ©.00000000e+00 |
[0.00000000e+00 1.00000000e+00 2.77555756e-17]
[0.00000000e+00 5.55111512e-17 1.00000000e+00] ]
[ 1.00000000e+00 1.11022302e-16 -1.38777878e-17]
[ 5.55111512e-17 1.00000000e+00 1.38777878e-17]
B[ 0.00000000e+00 -2.22044605e-16 1.00000000e+00] ]




import numpy as np
def back_subst(R,b tilde):
n = R.shape[0]
X = np.zeros(n
for ipin r‘evéried(r‘ange(n]): jlnN'? nlxn
x[i] = b_tilde[i]
for j in range(i+l,n):
x[1] = x[1] - R[1,7]*x[]]
x[i] = x[1]/R[1i,1i]
return x

1
2
3
4
5
6
7
8
9

[
(av]

(Y
H

np.triu(np.random.random((4,4)))
np.random.random(4)
back _subst(R,b)

np.linalg.norm(R @ x - b)

= e e e e
N O AW

1.1102230246251565e-16
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def solve_via_backsub(A,b):
. Q,R = QR_factorization(A)
b_tilde = Q.T @ b
x = back_subst(R,b_tilde)

return X x1 = np.linalg.solve(A,b)

x2 = np.linalg.inv(A) @ b
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